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s.2013.0Abstract Let nP 1 be a ﬁxed integer and let R be an (n+ 1)!-torsion free *-ring with identity ele-
ment e. If F, d:Rﬁ R are two additive mappings satisfying F(xn+1) = F(x)(x*)n +
xd(x)(x*)n1 + x2d(x)(x*)n2+   +xnd(x) for all x 2 R, then d is a Jordan *-derivation and F is
a generalized Jordan *-derivation on R.
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Throughout R will represent an associative ring with center
Z(R). A ring R is n-torsion free, where n> 1 is an integer,
in case nx= 0, x 2 R implies x= 0. As usual the commutator
xy  yx will be denoted by [x,y]. Recall that R is prime if
aRb= {0} implies a= 0 or b= 0, and is semiprime if
aRa= {0} implies a= 0. An additive mapping d:Rﬁ R is
called a derivation if d(xy) = d(x)y+ xd(y) holds for all pairs
x, y 2 R and is called a Jordan derivation in case
d(x2) = d(x)x+ xd(x) is fulﬁlled for all x 2 R. Every deriva-
tion is a Jordan derivation but the converse need not be true
in general. A classical result of Herstein [8, Theorem 3.3] states1981427.
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4.011that every Jordan derivation on a prime ring of characteristic
different from two is a derivation. Bresar and Vukman proved
this result brieﬂy in [5]. Further, Cusack [4] has generalized this
result for semiprime ring stating that every Jordan derivation
on a 2-torsion free semiprime ring is a derivation (see also
[4] for an alternate proof). In [3] Bresar has introduced the con-
cept of a generalized derivation as follows: an additive map-
ping F:Rﬁ R is said to be generalized derivation if
there exists an associated derivation d:Rﬁ R such that
F(xy) = F(x)y+ xd(y) holds for all pairs x,y 2 R. An additive
mapping F:Rﬁ R is said to be generalized Jordan derivation if
there exists a Jordan derivation d:Rﬁ R such that
F(x2) = F(x)x+ xd(x) for all x 2 R. In [1], Ashraf and the
ﬁrst author showed that in a 2-torsion free ring, which has a
commutator nonzero divisor, every generalized Jordan deriva-
tion on R is generalized derivation. Recently, Vukman [9] has
proved that every generalized Jordan derivation on a 2-torsion
free semiprime ring is a generalized derivation.
Following [2], an additive mapping d:Rﬁ R is called Jor-
dan triple derivation if d(xyx) = d(x)yx+ xd(y)x+ xyd(x)
holds for all x, y 2 R. One can easily proved that any Jordan
derivation on a 2-torsion free ring is a Jordan triple derivation
(see example [2], where further reference can be found). Bresargyptian Mathematical Society. Open access under CC BY-NC-ND license.
12 N. ur Rehman et al.[2] has proved that any Jordan triple derivation on a 2-torsion
free semiprime ring is a derivation. Motivated by the deﬁnition
of generalized Jordan derivation, Jing and Lu [10] introduced
the concept of generalized Jordan triple derivation as follows:
an additive mapping F:Rﬁ R is said to be a generalized Jor-
dan triple derivation on R if there exists a Jordan triple deriva-
tion d:Rﬁ R such that F(xyx) = F(x)yx+ xd(y)x+ xyd(x)
holds for all x,y 2 R. Inspired by the deﬁnition of generalized
Jordan triple derivation, recently Dhara and Shrama [7]
proved the following theorem:
Theorem 1.1. Let nP 1 be a ﬁxed integer and let R be
an (n + 1)!-torsion free any ring. If F:Rﬁ R and d:Rﬁ
R are two additive mappings satisfying F(xn+1)
= F(x)xn + xd(x)(x)n1 + x2d(x)xn2+   +xnd(x) for
all x 2 R. Then d is a Jordan derivation and F is a generalized
Jordan derivation.
An additive mapping x´ x*on a ring R is called an involu-
tion if (x*)* = x and (xy)* = y* x* hold for all x, y 2 R. A ring
equipped with an involution is called a ring with involution or
*-ring. An additive mapping d:Rﬁ R is called a *-derivation
(resp. Jordan *-derivation) if d(xy) = d(x)y* + xd(y) (resp.
d(x2) = d(x)x* + xd(x)) for all x, y 2 R. An additive mapping
F:Rﬁ R is said to be a generalized *-derivation (resp. general-
ized Jordan *-derivation) if there exists a *-derivation (Jordan
*-derivation) such that F(xy) = F(x)y* + xd(y) (resp.
F(x2) = F(x)x* + xd(x)) for all x, y 2 R.
If F:Rﬁ R and d:Rﬁ R are additive mappings satisfying
Fðxnþ1Þ ¼ FðxÞðxÞn þ xdðxÞðxÞn1 þ x2dðxÞðxÞn2
þ    þ xndðxÞ ð1:1Þ
for all x 2 R. In view of Theorem 1.1, it is natural to ask the
additive mappings satisfying (1.1), implies that
F(x2) = F(x)x* + xd(x) and d(x2) = d(x)x* + xd(x) for all
x 2 R. In a very recent paper Dhara et. al. [6] studied the iden-
tity F(xm+n+1) = F(x)xm+n + xmD(x)xn for x in a non-cen-
tral Lie ideal of a prime ring R, where both F and D are
generalized derivations of R and then determined the relation-
ship between the structure of F and D. In the present paper, we
improve Theorem 1.1 in the setting of *-ring and also has the
same ﬂavour as [6]. In fact, it is shown that additive mappings
F, d:Rﬁ R on an (n+ 1)!-torsion free *-ring R satisfying
(1.1), implies d(x2) = d(x)x* + xd(x) and
F(x2) = F(x)x* + xd(x) for all x 2 R.
2. Main result
We begin our discussion with the following lemma which is
essential for developing the proof of main theorem:
Lemma 2.1. Let R be a ring with involution *, then e* = e,
where e is the identity element of R.
Proof. Since e= (e*)* = (ee*)* = ee* = e*. This yields the
required result. h
Theorem 2.1. Let nP 1 be a ﬁxed integer and let R be an
(n + 1)!-torsion free *-ring with identity element e. If F,
d:Rﬁ R are two additive mappings satisfyingF(xn+1) = F(x)(x*)n + xd(x)(x*)n1 + x2d(x)(x*)n2+
   +xnd(x) for all x 2 R, then d is a Jordan *-derivation and F
is a generalized Jordan *-derivation on R.
Proof. Given that
Fðxnþ1Þ ¼ FðxÞðxÞn þ xdðxÞðxÞn1 þ x2dðxÞðxÞn2
þ    þ xndðxÞ
¼ FðxÞðxÞn þ
Xn
i¼1
xidðxÞðxÞni for all x 2 R: 
ð2:1Þ
Replacing x by e in (2.1), we get
FðeÞ ¼ FðeÞðeÞn þPni¼1eidðeÞðeÞni. But, by Lemma 2.1, we
obtain F(e) = F(e) + nd(e). This implies that nd(e) = 0 and
since R is n-torsion free, we get d(e) = 0. Replacing x by
x+ ke in (2.1), where k be any positive integer, we obtain
Fððxþ keÞnþ1Þ ¼ Fðxþ keÞððxþ keÞÞn
þ
Xn
i¼1
ðxþ keÞidðxþ keÞððxþ keÞÞni
¼ ðFðxÞ þ FðkeÞÞðx þ keÞn
þ
Xn
i¼1
ðxþ keÞidðxþ keÞðx þ keÞni
¼ ðFðxÞ þ kFðeÞÞðx þ keÞn
þ
Xn
i¼1
ðxþ keÞidðxÞðx þ keÞni: ð2:2Þ
On expanding, we ﬁnd that
F xnþ1þ nþ1
1
 
xnkþ nþ1
2
 
xn1k2þþknþ1e
 
¼ðFðxÞþkFðeÞÞ ðxÞnþ n
1
 
ðxÞn1k

þ n
2
 
ðxÞn2k2þþkneþ
Xn
i¼1
xiþþ i
i2
 
x2ki2

þ i
i1
 
xki1þkie

dðxÞ ðxÞniþþ n i
n i2
 
ðxÞ2kni2

þ n i
n i1
 
xkni1þknie

Now, using (2.1) we obtain
F
nþ 1
1
 
xnkþ nþ 1
2
 
xn1k2þ þ knþ1e
 
¼ kFðeÞðxÞnþðFðxÞþ kFðeÞÞ n
1
 
ðxÞn1k

þ n
2
 
ðxÞn2k2þ þ n
n 2
 
ðxÞ2kn2
þ n
n 1
 
xkn1þkne

þ
Xn
i¼1
xidðxÞ n i
1
 
ðxÞni1k

þ þ n i
n i 2
 
ðxÞ2kni2þ n i
n i 1
 
xkni1þknie

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Xn
i¼1
i
1
 
xi1kþ i
2
 
xi2k2þ  þ i
i 2
 
x2ki2

þ i
i 1
 
xki1þkie

dðxÞ ðxÞniþ n i
1
 
ðxÞni1kþ  

þ n i
n i 2
 
ðxÞ2kni2þ n i
n i 1
 
xkni1þknie

This can be written as
kf1ðx; eÞ þ k2f2ðx; eÞ þ    þ knfnðx; eÞ ¼ 0 for all x 2 R;
where fi(x
*,e) are the coefﬁcients of ki
0
s for all i= 1, 2, . . . , n.
Now, replacing k by 1, 2, . . . , n in turn and considering the
resulting system of n homogeneous equations, we get that
the resulting matrix of the system is a Van der Monde matrix
1 1    1
2 22    2n
..
. ..
.    ...
n n2    nn
0
BBBB@
1
CCCCA:
Since the determinant of the matrix is equal to the product of
positive integers, each of which is less then n, and since R is
(n+ 1)!-torsion free, it follows immediately that fi(x
*, e) = 0
for all x 2 R and i= 1, 2, . . . , n. Now, fn(x*, e) = 0 implies
that
ðnþ 1ÞFðxÞ ¼ FðxÞ þ nFðeÞx þ ndðxÞ for all x 2 R:
This yields that nF(x) = nF(e)x* + nd(x). Since R is n-torsion
free, we get
FðxÞ ¼ FðeÞx þ dðxÞ for all x 2 R:
Again, fn1(x
*,e) = 0 gives that
nðnþ 1ÞFðx2Þ ¼ 2nFðxÞx þ nðn 1ÞFðeÞðxÞ2 þ nðnþ 1ÞxdðxÞ
þ nðn 1ÞdðxÞx for all x 2 R:
Since R is n-torsion free, then we obtain
ðnþ 1ÞFðx2Þ ¼ 2FðxÞx þ ðn 1ÞFðeÞðxÞ2 þ ðnþ 1ÞxdðxÞ
þ ðn 1ÞdðxÞx for all x 2 R:
Since we have that F(x) = F(e)x* + d(x). Using this in the
above relation, we ﬁnd that
ðnþ 1ÞFðx2Þ ¼ 2fFðeÞx þ dðxÞgx þ ðn 1ÞFðeÞðxÞ2
þ ðnþ 1ÞxdðxÞ þ ðn 1ÞdðxÞx
¼ 2FðeÞðxÞ2 þ 2dðxÞx þ nFðeÞðxÞ2  FðeÞðxÞ2
þ nxdðxÞ þ xdðxÞ þ ndðxÞx  dðxÞx
¼ ðnþ 1ÞFðeÞðxÞ2 þ ðnþ 1ÞdðxÞx
þ ðnþ 1ÞxdðxÞSince R is (n+ 1)-torsion free, then
Fðx2Þ ¼ FðeÞðxÞ2 þ dðxÞx þ xdðxÞ for all x 2 R; ð2:3Þ
and also we have that F(x) = F(e)x* + d(x) for all x 2 R.
Replacing x by x2 in the pervious relation, we obtain
Fðx2Þ ¼ FðeÞðxÞ2 þ dðx2Þ ð2:4Þ
Equating (2.4) and (2.3), we ﬁnd that
dðx2Þ ¼ dðxÞx þ xdðxÞ for all x 2 R: ð2:5Þ
Now, by (2.3), we can write
Fðx2Þ ¼ FðeÞðxÞ2 þ dðxÞx þ xdðxÞ
¼ ðFðeÞx þ dðxÞÞx þ xdðxÞ for all x 2 R:
Using F(x) = F(e)x* + d(x) in the above, we get
F(x2) = F(x)x* + xd(x) for all x 2 R. Hence, we get the re-
quired result.Acknowledgment
The authors are thankful to the referee for his/her valuable
suggestions.
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